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i ture model clusterin is applied to orthern emisphere 00-mb eopotential
hei ht anomalies mi ture model is a e ible probability density estimation techni ue,
consistin of a linear combination of component densities ey feature of the mi ture
modelin approach to clusterin is the ability to estimate a posterior probability distribution
for , the number of clusters, iven the data and the model, and thus ob ectively determine
the number of clusters that is most li ely to t the data

data set of inters of 00-mb elds is pro ected onto its t o leadin empirical
ortho onal functions Fs and analy ed usin mi tures of aussian components Cross-
validated li elihood is used to determine the best value of , the number of clusters The
posterior probability so determined pea s at and thus yields clear evidence for
clusters in the 00-mb data The -cluster result is found to be robust ith respect to
variations in data preprocessin and data analysis parameters The spatial patterns of the

clusters centroids bear a hi h de ree of wualitative similarity to the clusters obtained

independently by =~ Chen and allace, usin hierarchical clusterin on 00-mb
inter data for ulf-of- las a rid e, for hi h over southern reenland, and  for
enhanced climatolo ical rid e over the oc ies
Separatin the 00-mb data into aci ¢ C and tlantic T sector maps reveals
that the optimal -value is 2 for both the Cand T sectors The respective clus-
ters consist of imoto and hils aci ¢ orth- merican and reverse
R re imes, as ell as the onal and bloc ed phases of the orth
tlantic  scillation The connections bet een our sectorial and hemispheric results

are discussed from the perspective of lar e-scale atmospheric dynamics
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Reliable identi cation of multiple re imes in hemispheric circulation patterns is a problem
that has attracted considerable interest in studies of atmospheric lo -fre uency variability
e revisit here the speci ¢ problem of determinin  hether or not re ime-li e behavior
can be identi ed from estimates of the probability density function F in the lar e-
scale atmospheric o s phase space In particular, e use mi ture modelin techni ues to
perform probabilistic clusterin in the space spanned by the leadin empirical ortho onal
functions Fs of the data data set comprised of inters of orthern emisphere
00-mb eopotential hei ht anomalies is used in the present study
arly or on this problem Re 19 0a,b amias 1982 as based on fairly sub ective
criteria, usin synoptic pattern reco nition or uantitative criteria ore recent
or used increasin ly ob ective and sophisticated criteria for clusterin ole and ordon
198 en ietal 198 hil 198 o and hil 1988  olteni et al 1988 autard 1990
annachi and e ras 199 There are essentially three issues involved i is the total
number of clusters e ual to 1, 2 or more ii if 2, can e describe, stably and reliably,
the multiple clusters and iii havin done so, hat are the dynamical mechanisms ivin
rise to the clusters so described The purpose of the present paper is to address issues i
and ii
ithin the conte t of the rst issue, ichelan eli et al 199 hereafter have
addressed speci cally the problem of ndin an ob ective criterion to determine the number
of clusters They used the frame or of the dynamic cluster method iday and Simon
19 , hich is a variant of the ell- no n -means clusterin al orithm, and inters
19 9-1992 of 00-mbhei ht maps, classi ed separately over the tlantic T and aci ¢
C sector They proposed the use of a classi ability inde  hich measures the stability
of the cluster solution, as a function of | acrossdi erent initial data for the al orithm Such
an inde does provide some idea of the cluster structure in the data still, this techni ue and
related approaches, such as usin the avies and ouldin 19 9 inde , may not perform
ell in the presence of stron ly overlappin clusters e , ain and ubes 1988, Ii 1
dlund 199  Furthermore, there is no eneral theory supportin the use of one particular
stability inde over any other
s for the second issue, the closest de ree of reproducibility so far of the same subset
of clusters by t o independent methods applied to distinct data sets as obtained by
Chen and allace 199 C  hereafter , ho applied hierarchical clusterin  see also
e ras et al 1988 to 0 inters 19 -198 of 00-mb hei ht data, and imoto and
hil 199 a,b , ho applied visual inspection  imoto and hil 199 a I hereafter and
bump huntin imoto and  hil, 199 b IT hereafter to the estimated F for
inters 19 9-198 of 00-mb hei hts
ven thou h reater reliability and reproducibility ere achieved in the recent or
ust revie ed, there is still a de ree of sub ectivity left in the application of these clusterin
techni ues In particular, none of the methods above have a completely satisfactory solution
to the problem of determinin in an al orithmic manner ho many clusters e ist in a iven
data set, hemispheric or sectorial Thus, the t o problems of ust ho many di erent
re imes can be reliably identi ed in the multidecadal 00-mb record, and hat e actly
they loo li e, bears further investi ation
The mi ture model approach adopted here, unli e the previously used approaches, is



based on an e plicit, fully consistent probabilistic model This model has t o primary
features

1 ach cluster is de ned as a unimodal component F Thus, points hich lie

ithin the overlap re ion of di erent density functions can have a de ree of member-

ship a probability for each cluster, allo in for uncertainty in cluster membership
to be handled in a natural ay

2 It leads to a ell-de ned, built-in criterion for determinin ho many clusters should
be tted to the data, hich does not re uire additional, assumptions or null
hypotheses The information on hich this criterion is based is simply contained in
the for , the number of clusters If the distribution
pea s sharply about a particular value of , there is stron evidence for that value
if the distribution is rather at, it follo s that the data set at hand cannot provide
enou h evidence for a particular value of The di cult part of the problem is
that of this posterior distribution for iven the data e discuss the
methodolo y for doin so in some detail

The paper is or ani ed as follo s In Section 2 the 00-mb data set and data prepro-
cessin steps are brie y described Section is an introduction to and revie of the basic
concepts of mi ture models, includin a discussion of ma imum-li elihood techni ues for
model parameter estimation and a cross-validation methodolo y for estimatin the posterior
distribution of = Further methodolo ical details are presented in three appendices

Section  contains a detailed description of the application of the mi ture modelin
methodolo y to the problem of cluster analysis in the subspace of the 00-mb anomalies
leadin Fs Stron evidence for the data s supportin the e istence of re imes is
presented Robustness of this result ith respect to variations in cross-validated partitions
and number of Fs retained is investi ated and discussed The maps correspondin to
the clusters found by mi ture modelin are compared to the si ni cant maps found by
C and a remar able de ree of similarity is found to e ist

The application of the mi ture modelin methodolo y to the C and T sectors is
described in Section and results in the selection of 2 clusters in each sector The C
clusters resemble the ell- no n paci ¢ orth- merican and reverse R
re imes and the T clusters resemble the ell- no n bloc ed and onal phases of the

orth- tlantic scillation oth hemispheric and sectorial results are summari ed in
Section | follo ed by a discussion of their implications for the understandin and prediction
of lo -fre uency, intraseasonal variability of lar e-scale atmospheric o s

The data set used in this paper is similar to that used by [ and IT and consists of t ice-
daily analy ed 1ie, model-interpolated elds of 00-mb hei hts compiled at S
Climate rediction Center The only di erence bet een the t o data sets is that in this
paper inters are used, startin on1 ecember 19 9 and e tendin throu h arch 199

imoto and hil s data be an on the same date but contained only inters, throu h

arch 198 inter is de ned as the 90-day se uence be innin on 1 ecember of each
year Il the analyses belo  ere performed on the inter data, namely the 90 90
daily maps so de ned The preprocessin also follo s I and is summari ed belo



The ori inal data set is based on the routine processin of ra observations  via
model assimilation of the data e , aley 1991 hil and alanotte-Ri oli 1991 into
analy ed elds, carried out by the U S ational Centers for nvironmental rediction

C , previously the ational eteorolo ical Center ,on a 10 10 diamond rid north
of 20 The 1 points of this rid are thinned out to be more nearly representative of
e ual-area surface elements, thus yieldin 8 rid points For each one of these points,
the seasonal cycle is removed by avera in  -day runnin means over the years, thus
providin ~ hat e shall call the hei ht anomalies further 10-day lo -pass

Iter is then applied to these anomalies to obtain lo -pass

I analysis  reisendorfer 1988  as applied to the Itered anomalies in the standard

manner to determine the leadin Fs  that is, the ei envectors of the covariance matri
that are associated ith the lar est ei envalues ie, variances of the spatial data set
see I In this manner one can reduce the dimensionality of the data set from the
ori inal 8 dimensions of the rid space by pro ectin onto a fe leadin Fs that retain
a si ni cant fraction of the ori inal variance Such pro ections are useful for visuali ation,
density estimation, and clusterin methods, all of hich are easier to carry out in lo -
dimensional spaces  ro ections used in the analyses belo ran e from the rst 2 to the
rst 12 Fs

nite mi ture model is a  F composed of a linear combination of component density
functions s an e ample consider the synthetic 2- data set sho nin Fi 1 These
data have been enerated from a mi ture model containin aussian components, havin
distinct means and covariances, ith components ei hted e ually The means of the
aussians and the ellipses are overlaid on the scatter plot in Fi 2 the semi-ma or a es
of each ellipse correspond in direction ith the ei envectors and in len th ith three times
the sin ular values of the associated covariance matri , ie, three times the correspondin
standard deviations
Fi ure sho sacontour plot ofthe F  ote the non- aussian, multimodal nature of
this contour plot The ability to model such multi-modal density functions is a ey feature
of the mi ture approach
et  be a -dimensional random variable and let represent a particular value of
e ,a data vector ith components nite mi ture F for , havin  components,
can be ritten as

here each of the is a component density function ach represents the parameters
associated ith density component  and the are the relative el hts for each com-
ponent , here 1 and 01 the set of parameters for the overall
mi ture model is denoted by
The component density functions are often assumed to each be a multivariate aussian,



and e shall do so here Speci cally, the th component density is iven by

1
2
2
here  and  are the mean and covariance matri , respectively, and The
mean speci es the location of the th density s centroid and the covariance matri

prescribes ho the data belon in to component are scattered around
iaconis and Freedman 198 sho ed that most lo -dimensional pro ections of a hi h-
dimensional data set that has an arbitrary multivariate F ill result in data ith an
appro imately F in the lo er-dimensional space Thus, for the F-subspace
pro ections discussed in this paper, one mi ht postulate the null hypothesis that the data
ill be aussian in any lo -dimensional pro ection The search for ,
ith 2 components, is thus a natural step beyond the 1 hypothesis in the
search for multivariate structure in this conte t
The e ibility and simplicity of the mi ture model has led to its idespread application
in applied statistics as a density estimation and clusterin tool Titterin ton et al 198
¢ achlan and asford 1988 istorically, the earliest application of mi ture modelin is
credited to earson 189  Crutcher and oiner 19  and Crutcher et al 1982 applied
aussian mi tures to meteorolo ical data, usin hypothesis tests based on li elihood ratios
to determine the number of components in the mi ture models Titterin ton et al 198
sho ed, ho ever, that the statistics of the li elihood ratio are not ell behaved for mi ture
models, and thus the application of li elihood ratios for choosin  is not recommended

et be a data set of len th ith -dimensional multivariate observa-
tions 1 iven , one see s a set of parameter estimates  of the true mi ture
parameters hich characteri e the F model assumed to have enerated the data hats

ill be used to denote all estimated parameter values t rst, e assume that the
number of components in the mi ture model is no n and ed the enerali ation to
estimatin ~ from the data is discussed in Section d

The ma imum-li elihood principle states that one should see the parameter estimates
hich ma imi e the li elihood of the parameters iven the data or e uivalently the lo -
arithm of the li elihood This implies searchin over parameter space to ma imi e lo -
li elihood by treatin the observed data as ed For mi ture models the lo -
li elihood, assumin independent observations, e uals

lo

lo

Ta in partial derivatives ith respect to each parameter in the set  yields a set of
coupled nonlinear e uations Thus, direct ma imi ation in closed form is not feasible hen
or islar e Infact,the number ofindependent parametersfor a -component aussian



mi ture ro sli e 1 2 1 1, hich scales as Thus, even for problems
of reasonably lo of the data s feature space such as , the
ill be wuite lar e, and a lobal ma imum of the
li elihood function uite hard to nd In addition, the mi tures lo -li elihood surface
can have many local ma ima this ma es the search for parameters that insure lobally
ma imum li elihood even more di cult hen islar e
uch of the popularity of mi ture models in recent years is due to the e istence of
e cient iterative estimation techni ues for ma imi in the lo -li elihood In particular,
the e pectation-ma imi ation procedure  empsteret al 19  isa eneral techni ue
for obtainin ma imum-li elihood parameter estimates in the presence of missin data In
the mi ture model conte t, the missin data are interpreted as the un no n or hidden
labels that identify hich data points ori inated from hich mi ture component The
procedure uarantees conver ence in parameter space to a local ma imum of the lo -
li elihood function, but there is no uarantee of lobal conver ence  ence, the procedure
is often initiali ed from multiple randomly chosen initial estimates and the lar est of the

resultin set of ma ima is chosen as the nal solution The procedure for aussian
mi tures is described in detail in  ppendi and is used for all of the results contained in
this paper

pplyin the procedure to the 00 data points sho n in Fi 1 results in the pa-
rameter estimates sho nin Fi The di erences bet een the estimated parameters Fi
and the true parameters Fi 2 are uite small and only discernible by actual superpo-
sition of the t o ures Thus, the procedure is uite e cient at recoverin the true
locations and shapes of the component densities hich enerated the data in Fi 1, even
hen  is not very lar e compared to , 00 vs 1 in this instance

There is alon tradition in the statistical literature of usin mi ture models to perform

see veritt and and 1981 , Titterin tonet al 198 ,and c¢ achlan
and asford 1988 for a historical perspective Clusterin , in this mi ture model conte t,
proceeds as follo s

1  ssume that the data are enerated by a mi ture model, here each component is
interpreted as a cluster or class  and it is assumed that each data point must have
been enerated by one and only one of the classes

2 iven a data set here it is not no n hich data points came from hich compo-
nents, infer the characteristics the parameters of the underlyin density functions
the clusters

iven estimated parameters , one can calculate the proba-
bility that data point belon s to one of the classes by ayes rule




ie, one can probabilistically assi n data points to clusters ere, is an
estimate of the mar inal or prior probability for each cluster In the ne t subsection, e
shall allo to depend on as ell, hich is still ept ed and no n
here

The mi ture model approach to clusterin has the advanta e that it treats the clusterin
problem in an e plicit statistical conte t, allo in full treatment of uncertainty in the
inference process For e ample, uncertainty about the cluster locations and shapes, such as
probabilistic class membership and class overlap, can be easily handled In fact, it can be
sho nthat mi ture model clusterin is astrict enerali ation of the ell- no n -meansand
related al orithms that are based on ndin cluster centers hich minimi e a least-s uares
ob ective function uda and art 19 The mi ture model is a enerali ation in the
sense of modelin the shapes of the clusters instead of ust the centers , as ell as allo in
class overlap It is clearly an a lomerative method, as compared to hierarchical clusterin
methods such as C s that are based on pair ise distance measurements bet een data
points potential disadvanta e of the mi ture model approach is the assumption
of a iven functional form for the component densities Thus, hile aussian components
are idely used, they are not necessarily al ays the most suitable choice see, for instance,
the possible emer ence of nonconve clusters hen usin search methods based on simulated

annealin annachi and e ras 199
So far e have assumed that , the number of clusters, is no n ften one ould
li e to determine from the data, if at all possible case in point is the multidecadal

00-mb hei ht data set, iven the considerable prior or on tryin to determine ho
many re imes can be reliably identi ed in these data

In a probabilistic conte tone ouldli e an estimate of , the posterior probability
for clusters iven the data set , 1 In the present or e use a robust
and consistent data-driven methodolo y based on as the basis for
estimatin

Cross-validation operates by repeatedly dividin the available data  into t o dis oint
partitions Stone 19 | ttin the model on one of the partitions, and estimatin perfor-
mance on the other see also I for another application, to F estimation fter some

number of such trials, the performance estimates are avera ed to et an honest estimate of
out-of-sample performance Speci cally in the mi ture model conte t above, the procedure
is as follo s

1  artition the data set  into a fraction for model ttin , and a dis oint fraction
1 for performance estimation

2 Fit ami ture model ith components ie, estimate its parameters to the fraction
of the data reserved for model ttin ,

stimate the lo -li elihood of these model parameters on the fraction 1
of the data reserved for performance estimation,

Repeat Steps 2 and for a ran e of -values usually for 1



Repeat Steps 1 to for a total number of  partitions times , here each time the
data is randomly divided into t o partitions as above et be the estimated lo -
li elihood of the th partition for a model ith components, ,
1 here , ie, the set of parameters for a
mi ture model ith components, here the dependence on is no made e plicit,
and the parameters are tted via ma imum li elihood on the th trainin data set

Calculate the avera elo -li elihood over the runs for each of the di erent -values
to obtain the

btain estimates of the posterior distribution for by calculatin

follo s from ayes rule by assumin e ual priors on di erent values of

In practice the method is not sensitive to the e act values of or hen the data
set is relatively lar e compared to the comple ity of the tted models This is the case for
the eopotential hei ht data discussed in the ne t section Thus, default values of 0
and 20 are used throu hout discussion of the theoretical properties of the above
cross-validation method is provided in  ppendi

To illustrate the method, Table 1 sho s the cross-validated li elihoods and estimated
posterior probabilities obtained from runnin the cross-validation procedure on the data
sho nin Fi 1 There is clear evidence that is the best model iven the cross-
validation information  onetheless, the fact that 0 demonstrates that inferrin
the correct number of components from such data is nontrivial In eneral, the ability of
this method or indeed any purely data-driven method to automatically infer the true
number of clusters present in a data set ill improve as the amount of data increases relative
to the comple ity of the cluster model comple ity in this conte tis ta en to mean both
the number of clusters and the de ree of overlap or closeness amon them

Follo in the approach of I and others, e are interested in determinin the cluster
structure, if any, of the hei ht anomaly data described earlier, as it appears in a lo -
dimensional subspace of leadin Fs e applied the mi ture model clusterin method
outlined in Section to the - inter set of hei ht anomalies presented in Section 2
The un Itered anomalies ere pro ected ontothe rstt o  Fsofthe Itered data set see
Section 2 scatter plot of the resultin pro ection is sho n in Fi

e ran the mi ture model cross-validation method on this t o-dimensional 2- data
set The al orithm described in Section d as modi ed so that random partitions ere



chosen based on inters rather than days, i e, half of the inters ere placed in the
trainin set and the remainder in the test set This modi cation is necessary to ensure that
the trainin and test partitions are truly independent and, thus, uarantees the theoretical
consistency of the method as described in  ppendi
The number  of clusters ie, mi ture components as allo ed to ta e on all values
from 1 throu h 1 Thelo -li elihoods for ere invariably much lo er than those for
so e present, for clarity, only the results for 1 The posterior probabilities
and cross-validated lo -li elihoods are tabulated in Table 2 The posterior probabilities
provide clear evidence for the data supportin e actly clusters, i e, the cross-validation
estimate of the posterior probability for clustersis e ectively 1 and all others are e ectively

ero
ote that the absolute values of the lo -li elihoods are irrelevant strictly spea in ,

li elihood is only de ned ithin an arbitrary constant  ore precisely, let " be the cross-
validated li elihood for some particular value of * as de ned by Subtractin

" from each of the cross-validated li elihoods 1 , does not a ect the
posterior probability estimates in since it is e uivalent to multiplyin above and
belo bye p " to yield

ep : .
ep

Thus, it is the bet een the lo -li elihoods that matter

Choosin ~ * , Table sho sthe di erences bet een thelo -li elihoods for a iven
and that for * in the case of each partition ar erlo -li elihood di erences are better,
i e, the relative li elihood of the hi hli hted column is stron er Since isal ays ero,

ne ative lo -li elihoods for any entry mean that for that partition  and value of , thelo -
li elihood as less than that for The number of partitions clearly dominates
it yields the hi hest-li elihood model in 1 out of 20 cases, ith 2 carryin the day
in cases and 1 in only one Considerable variability occurs bet een partitions since
estimates of li elihood can be sensitive to outliers  ut it is the cross-validated li elihood

, calculated as the mean of the individual li elihoods on each partition, hich matters
in nally determinin the number of clusters see a ain Table 2

e carried out numerous runs on the same data ith di erent randomly chosen parti-
tions amon the inters and usin e actly the same parameters as described before
0 20 Il these runs provided the same result, namely an estimated poste-
rior probability of 1 The cross-validated li elihood value and the estimated
probability of for each such run is sho n in Table
e also investi ated the robustness of the method ith respect to the number of lead-
in Fs retained, i e, to the dimensionality of the lar e-variance subspace in hich the
mi ture model is constructed and tested The un ltered 00-mb hei ht anomalies ere
pro ected onto the rst Fs, 2 12 s a function of the dimensionality , the
posterior probability mass as hi hly concentrated at ,ie, 1, until
at this point the mass s itched to become concentrated at 1,ie, 1 1
It follo s that, as the dimensionality increases beyond , the cross-validation method
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does not provide any evidence to support a model more comple than a sin le aussian
bump This is to be e pected since the number of parameters in a -component aussian
mi ture model ro s in proportion to see Section b  Thus, for e ample, in 10
dimensions, there are 1 8 parameters for a -component model but only = parameters
for a sin le-component model In contrast,in dimensions, the -component model needs
only 8 parameters

Since the total amount of data to t the modelsis ed, as the dimensionality increases
the estimates of the more comple models become less reliable and cannot be usti ed
by the data This is consistent ith fairly eneral considerations of accurate and robust

I estimation in  dimensions see I, Section , and references there and ith the
theoretical ar uments iven in ppendi that cross-validation ill pic the best mi ture
model hich can be ttoa nite set of data If the data aresu cient in number , this best

model ill correspond to the true model if there are too fe data relative to the comple ity
of the models bein  t , on the other hand, the method ill be more conservative and choose
a simpler model that can be supported more reliably by the data  nother interpretation of
this result is that empirical support of the -component model in hi her dimensions ould
re uire records on the order of a fe hundred years lon , rather than the  years of data
currently available compare also oren 19 9
For the -component aussian model, e alsoinvesti ated the variability in the physical
maps obtained as cluster centroids hen retainin di erent numbers of leadin Fs The
un lItered hei ht anomalies ere pro ected onto the rst Fs for 12 and a
aussian mi ture model ith components as t to the data for each case For
each value of | maps of 00-mb hei ht anomalies ere obtained from the centers of
the aussians The pattern correlations as de ned in o and hil 1988 , C or
I ere then calculated bet een each of these maps obtained in dimensions and the
correspondin maps obtained hen usin 2 see Section a  The results, sho n
in Table , indicate that the correlations bet een the 2- F maps and maps obtained
in up to 12 F dimensions are very hi h  ne can conclude that the dimensionality of
the hi h-variance F subspace does not a ect the ualitative patterns of the eopotential
hei ht maps in any si ni cant manner, hen usin the mi ture model clusterin procedure
applied here  ur results are also robust ith respect to the preprocessin of the data, as
sho nin ppendi C

iven that there is stron evidence for aussian clusters, e ta -component aussian
model to the entire set of inters in the 2- F space rather than partitionin into
halves as before and e amine the results Fi ure sho s the location of the means of
the aussians and the three-standard-deviation ellipses associated ith their covariance
matrices, superposed on a scatter plot of the data pro ected onto the rst 2 Fs The
resultin contour map of the bivariate-mi ture Fis sho nin Fi
The means of the aussians tted in Fi have a natural interpretation as the centers
of aussian data clusters Ii ure 8 presents the maps correspondin to our cluster
means on the left and the maps correspondin to C s most reproducible hierarchical
clusters on theri ht from i 11 of allace 199 C labeled both the maps in uestion
and the clusters they represent for las a, for reenland , and for oc ies
Their maps and ours have a hi h de ree of pair ise wualitative similarity in terms of the
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spatial patterns, hile thesi e of the associated anomalies di ers, as discussed further belo
The upper maps both clearly possess a distinctive rid e over the ulf of las a The
middle maps e hibit a stron hi h over southern reenland The bottom maps
are characteri ed by an intensi cation of the aci ¢ et stream and an enhancement of the
climatolo ical mean rid e over the oc ies
ote that C  and the present study use t o distinct, and rather di erent, methodolo-
ies mi ture modelin here and hierarchical clusterin in C , as ell ast o some hat
di erent data sets 00-mb vs 00-mb data over sli htly di erent time spans and di er-
ent preprocessin of the data the or in this paper asin an F subspace, hile C
clustered the anomaly maps directly C s methodolo y for arrivin at distinct, hi hly
si ni cant clusters as based on a combination of sophisticated resamplin of the data and
sub ective ud ment In their o n ords, the more reproducible clusters are strun out
alon three ell-de ned branches of the family tree see especially Fi 1 of C The
cross-validation results described here can be vie ed as an independent and totally ob ec-
tive validation of C s -cluster result, con rmed also, less independently, by allace s
199 e tension of the C  analysis to 1989 It is uite reassurin that both methodolo ies
permit us to conclude that distinct re imes dominate the intertime lo -fre uency
variability over the past half-century and that the maps correspondin to the centroids of
these re imes  as obtained by either one of the t o  are ualitatively uite similar
There is an important ualitative di erence bet een the mi ture model clusters found
here and clusters found by partition-based methods such as the fu y clusters of o and
hil 1998 or the hierarchical clusters of C ach mi ture model cluster corresponds to
a component in the mi ture density function, and thus, the sum of their contributions is
a ell-de ned F in the lar e-scale atmosphere s phase space uivalently, the mi ture
components must account for all of the data, i e, the model covers the system s entire
phase space, as sampled by the available observations, and not ust a portion of it In
contrast, the hierarchical clusters found by C  are local in nature Thus, for the mi ture
model, the component ei hts  areconstrained to sum to 1, and the component covariance
matrices  are constrained by the overall covariance structure of the entire data set  ost
importantly, the means are also sub ect toa lobal constraint imposed by the overall
mean of the data e ualin ero and by asome hat indirect couplin to the overall covariance
structure
The of the mean vectors from the ori in in phase space, i e , the overall mean
of the data set, ho ever, are relatively unconstrained It is, therefore, the an les of the
centroids — and, in turn, the associated spatial patterns on the rid — that are the most
directly determined by the data, hile the distances from the ori in the amplitude scale
of the maps , the component covariances, and the component ei hts are less data-driven
and more constrained by the model This observation provides a more ri orous basis for
the heuristic choice of o and hil 1988 and IT to concentrate on an ular Fs It
also e plains hy the maps found by C s clusterin and our cluster centers have very
similar spatial patterns but are scaled di erently see i 8 ,ie, the cluster centroids lie,
in either case, alon the same directions from the ori in in phase space, but at di erent
distances, due to di erent constraints in the respective  uclidean-distance models
This point is reinforced by comparin the location of the centers in Fi here ith
the center locations in C s Fi ure 1 a the polarity is reversed, since our  Fsand C s
came out to have opposite si n Cluster for e ample is further from the ori inin C  than

12



in this paper it is clear, ho ever, from C s Fi ure 1 a that the hierarchical clusterin
al orithm produced a tra ectory of clusters, one of hich as chosen as the de nitive
cluster by C s method
In summary, the mi ture model s cluster centroids are constrained to be closer to the
ori in than is the case in methods hich see local structure in a uclidean phase space
onetheless, it is clear from a comparison of C s results and those here that the an les
from the ori in, and hence the spatial patterns of the associated re imes, are essentially the
same in both analyses
The , ,and patternsalso bear a close resemblance to some of the clusters identi ed
by [ and by olteni et al 1990 In particular, the match of map  here and in C
ith IsR is almost perfect and that bet een map  and Is uite ood,
but sli htly less so over the tlantic- uropean sector The similarity bet een  here and
in C ith Is is a ain e cellent over the areas of stron est
anomalies, in the tlantic- uropean sector this time, but not as ood in the complementary,
aci ¢ orth- merican sector This sli ht mismatch is essentially due to the fact that
as o and hil 1988 observed their Fis and 1 and C and imoto and hil

199 a,b corroborated see especially i 1 in C and Fi 11 of I Fs 1 and 2
of the intertime hei ht anomalies are rou hly determined by the patterns of positive
and ne ative and positive and ne ative e refer to these earlier papers, and

further references therein, for a more complete synoptic description of the spatial patterns
involved and their climatolo ical importance
I by usin a less ri orous clusterin method than the one applied here, namely

visual inspection of the bivariate F derived from a ernel density estimation method

found clusters and R | and , the last of hich is
missin in C  and the analysis here The cluster centroids ith appro imately opposite
polarities for the and , respectively, did not e hibit in I nordothe and
maps here and in C uite the same spatial patterns  ith the si n of the local anomalies
reversed i e ise, these centroids do not have simply the si n-reversed coordinates of
and , respectively, in the subspace of the t o leadin Fs in the case of R -
and - in I and of - only here and in C Still, to rst order, the
present analysis is consistent ith the vie that the hemispheric re imes arise, pair ise,
from sectorial re imes that correspond to an intensi cation or ea enin of onal o in
the T or  C sector The coordinates of our centroids are 29 m, 2m,

22 m, 181 m , and 1 0 m, 8 m , ith the rst coordinate alon F 1 and
the second alon F 2 The aci ¢ orth- merican sector features of  are obviously
distorted ith respect to Is since and are forced to carry also, bet een the
t o of them, the features of in that sector This issue is clari ed further in Section

e applied the mi ture model clusterin method of Section separately to the a aci ¢
C sector 120 - 0 and b tlantic T sector 0 - 120 The data

ere preprocessed as described in Section 2 see also Il and separate sets of  Fs ere
estimated in each sector The 1 9 8 2 spatial data points for each day in either sector
ere pro ected onto the rst Fs, as in II The mi ture model clusterin procedure



as applied to the data in each sector, ith ran in from 1 to 10, 0 ,and 20

The estimated posterior probabilities on  are 2 0 980 and 0020 all
the probabilities for other values of are ero Thus, cross-validated li elihood points to
2 as the most li ely model to t the data by far a very sli ht ambi uity in the result
appears hen compared to the hemispheric analysis of Section , here the probabilities
ere essentially ero e cept for
Fi ure 9sho sthelocation of the means and three-standard-deviation covariance ellipses
of the estimated aussian components for 2, superposed on a scatter plot of every 10th
day pro ected onto the rst 2 Fs Fi ures 10a and b sho the maps correspondin to
the centroids of the 2 clusters The spatial pattern in panel a clearly resembles the 1
re ime and that in panel b the 2 re ime of II s sectorial analysis our 2 C clusters
also resemble C s sectorial clusters and | respectively These 2 C re imes are the
sectorial counterpart of the hemispheric and R clusters, here as ell as in C
and I Follo in C |, e useitalics to distin uish bet een the sectorially de ned
panel a and panel b and the hemispheric re imes
ro ectin the data onto the rst 2 Fs, rather than the rst Fs as above,
produces estimated posterior probabilities of 2 082 and 01
hile pro ection onto Fs produces 2 09 0 and 00 0 The
non ero probabilities for the 2- case here are uite similar to those obtained for the
synthetic -cluster case in Table 1, e cept that the distribution here pea s at 2 For
both T cases, of 2 and Fs, the cluster centroids correspond to the same and
patterns The some hat lar er probability for in the 2- subspace su ests
that more comple structure ie, 2 may be present, as apparent in IT and ,
but this structure is not fully supported by the current data

For the T sector, the posterior probabilities on — hen pro ectin the data onto the
leadin F's — are essentially ero e cept for 2 0991 and 0 009
ain, as in the C sector, there is a very sli ht ambi uity as to the true number of
clusters
Fi ure 11 sho s the location of the means and three-standard-deviation covariance el-
lipses of the estimated aussian components for 2, superposed on a scatter plot of
every 10th day pro ected onto the rst2  Fs Fi ures 10c and d sho the hei ht anomaly
maps that correspond to the centroids of the 2 clusters from the 2 solution They bear
a close resemblance to the 1 and re imes of IT and to the and clusters of
C ssectorial analysis e label them as and , respectively
ro ectin the data onto the leadin 2 Fs, rather than Fs see also Section a ,
produces estimated posterior probabilities of 2 0 002 and 0 998
pro ectin onto the rst Fs yields 2 01 and 082 Thus, for
the T sector, the data pro ection onto either a 2- or - subspace supports a model ith

From a statistical-estimation vie point it is not surprisin that in lo er dimensions
the data can support a more comple model, since there are fe er parameters to be tted
than in the - case see discussion in Section b It is, therefore, even more remar able



that the hemispheric result is uite stable for dimensionality ran in from 2 to 12,

and the  C result is also stable for 2 see Sections b and a, respectively

hile the T -sector results are more ambi uous, the cluster centroids that correspond
to the model in both 2- and - subspaces display continuity ith respect to
the 2 model in the - F space, namely both the and clusters are

retained The third cluster for both subspaces has essentially the same spatial pattern, and
is uite similar to the 2 pattern in II and to s second T cluster

Usin hierarchical clusterin on the sectorial data, C  obtained 2 most reproducible clusters

in each sector and in the  C sector and and in the T sector see their
Fi s 8 and 9, respectively II, on the other hand, found as many as clusters for
the  C sector and clusters for the T sector see their Fi s and |, respectively ,

usin  bump-huntin on estimated an ular Fs
introduced a classi ability inde into their dynamical clusterin , based on similar-
ity of partitions to hich the al orithm conver es, hen started ith the same number of
seed points, but di erent sets of such points The ma imum value of this inde , for either
sector, occurred for 2 their Fi 2 ot satis ed ith this result, they introduced
an e traneous null hypothesis of the daily maps bein  enerated by a rst-order vector
ar ov process built on the leadin 8 Fs of the data set and ith the same covariance
matri as the data at la 0 and 2 days The classi ability inde  as si ni cantly distinct
from its distribution — as iven by 100 onte Carlo simulations of this process ith the same
len th as the data set — for in the  C sector and in the T sector Still the
spatial patterns of the centroids obtained in the 2 sectors their Fi s and , respectively
corresponded fairly closely to a subset of Il s and included, in particular, C s pair -
or, e uivalently, Il s pair 2- 1 inthe  Csector,as ell as the C IT
pattern in the T sector Furthermore the C and T clusters of could be
clearly parsed into the pair of clusters per sector associated ith the opposite phases
of the and their Fi 10
In fact, in our sectorial results the t o centroids of the pairs — and - are
essentially mirror ima es of each other This mirrorin is clearly visible in the locations
of the means in i s 9 and 11 Indeed, as discussed already in Section ¢, the mi ture
model imposes certain constraints on the possible cluster centroids hich are tted to the

data In particular, ith 2 and ero-mean data as is the case ith the C and
T sectors , it is strai htfor ard to sho from s 1 and 2 that , here
,ie, thet o centroids must have the same spatial pattern and opposite si n,
ith possibly di erent scales if n immediate conse uence of this property of
aussian mi ture models is that si ni cant s e ness ith respect tot o intersectin a es
ill result in nonvanishin probability of clusters this is the case for our results
and 2 12 sho n for 2in Fis — ,as ell asforthe T resultsin 2- not
sho n

The cluster results for the ~ Cand T sectors across di erent studies clearly point to
multimodality in the Fs There remains some uncertainty as to the precise number of
re imes hich can be reliably identi ed in each of the sectors The mi ture model results
here are consistent ith previous studies in the sense that they consistently recover the

ell- no n sectorial features of the , R, , and patterns The present



model results also seem to support, to a reater de ree in the T and lesser in the C
sector, the possibility of more comple structure in the sectorial Fs  t the same time,
they indicate that e do not yet have su cient data to con rm ith complete con dence
mi ture models for such reater comple ity than 2 in either sector

robabilistic clusterin , usin  nite mi ture models, as introduced and described for the
purposes of automatically clusterin inters of 00-mb hei ht anomaly data  fter
pro ectin the anomalies onto the data set s leadin Fs in the standard manner, e used
a mi ture model clusterin al orithm to determine hat cluster structure — if any — e isted
in the data There is clear evidence that the last half-century of upper-air data sup-
ports e actly distinct clusters feature of the present method, compared to alternative

clusterin methodolo ies, is precisely its ability to ob ectively ans er the uestion ho
many clusters are usti ed by the data n e amination, the patterns associated ith

the clusters found by the mi ture approach have a very close correspondence to the
cluster patterns found by Chen and allace 199 throu hout C usin hierarchical,
non-probabilistic clusterin on a comparable data set of 00-mb hei ht anomalies The
three common clusters  for a pronounced rid e over the wulf of las a, for an anti-
cyclonic feature over southern reenland, and  for an enhancement of the climatolo ical
rid es over the oc y mountains The three clusters also a ree ell ith IsR

and re imes, hile I captured a hemispheric re ime as ell

revious or I, had su ested that the inter upper-air data support a
more comple classi cation hen e amined separately over the tlantic T and aci c
C sector e applied the same mi ture model methodolo y to the sectorial data T o

clusters each emer e for the  C sector, and , and for the T one, and
These correspond to onal and bloc ed o over the sector under study and
capture the sectorial ~ C features of C s and the present paper s hemispheric
and  clusters, hile and capture the T ones of I s hemispheric
and It thus appears, as su ested by o and hil 1988 and I-11, that the
hemispheric clusters are manifestations of the sectorial ones The tentative e planation for
the s missin  in the C  analysis and that of Section here is provided ne t
stri in feature of the sectorial T results is the closeness of the centroid to

the ori in This is consistent ith the predominantly positive anomaly onal phase of
the inde over the last half-century  urrell 199  This inde is de ned as the sea-
level pressure di erence bet een the  ores and Iceland and measures the intensity of the
esterly et across the orth tlantic basin Its consistently onal character durin the
last fe decades helps e plain the absence of a stable cluster from the hemispheric
analysis of C  and present paper
Interdecadal chan es in the lar e-scale atmosphere s intraseasonal, 10-100 day lo -
fre uency variability seem to manifest themselves more in chan es of the relative number of
days of residence in each cluster than in chan es of the clusters spatial patterns Robertson



et al 199  This ould lead us to suspect that an analysis of hemispheric upper-air data
— if they ere available — over the rtst half of the 20th century mi ht yield four re imes,
rather than three, as s centroid could move more farther a ay from the 2- phase
space s ori in, due to the distribution of days bet een it and becomes better bal-
anced Indeed, the main physical cause for the e istence of multiple re imes, sectorial and
hence hemispheric, appears to lie in the nonlinear dynamics of the esterly et in either
sector The dynamics involves the linear instabilities — barotropic and baroclinic, e ponen-
tial and oscillatory — of the et and their nonlinear saturation, as ell as their interaction
ith onally asymmetric lo er boundary conditions, topo raphic and thermal The sim-
plest manifestation of this comple dynamics — and the elementary proof for its nonlinear
character — is the sectorial bimodality demonstrated herein
This bimodality is distinct from the hemispheric one claimed by en i et al 198
and ansen and Sutera 198 | as the latter re uires preferred simultaneity of the bloc ed
vs the onal circulation phases in the t o sectors Such simultaneity is the rule in simple
models ith identical sectors e ras and hil 198 and in laboratory devices that are a
et version of such models Tian 199 ee set al 199 but occurs only rarely in the
e istin atmospheric upper-air data IT and here, not sho n  The enerally observed
lac of simultaneity bet een the t o sectors could arise from sli htly di erent periods of
the t o sectors oscillatory instabilities arcus et al 199 and the occasional phase
loc in  bet een thet ofrom di erent initial data available early in each inter, hen the
oscillations become active Stron et al 199  The available half century of upper-air data
is rather short to permit the more detailed e amination of these theoretical con unctures
and e shall have therefore to underta e e tended simulations of the atmospheric circulation
ith fairly detailed and realistic models in order to verify or falsify them

The authors ouldli etoac no led e imoto for providin the data
described in this paper, Roden for assistance in preprocessin the data, and allace
and Sprin er- erla for permission to use a copy of the hei ht-anomaly panels in Fi 11
of allace 199 as panels b, d and f of i 8 here Fraser, imoto, T almer,

Robertson, Turmon, and R autard provided useful intellectual input The
research described in this paper as carried out in part by the et ropulsion aboratory,
California Institute of Technolo y, under a contract ith the ational eronautics and
Space dministration The or of S assupported in part by SIF rant IRI-9 0 120
The or of and [ assupported by SF rant T 9 -2 8 and S rant

-1 artman helped ith the editin and ord processin



The pectation- a imi ation procedure is an iterative method for mi ture mod-
elin  hereby the parameters at iteration 1 are updated based on parameter estimates
from iteration For a eneral discussion of the theoretical basis of the method see, for
e ample, empster et al 19 e provide here only a brief summary of the procedure in
the conte t of aussian mi tures

For aussian mi tures the parameter set  consists of ei hts , the -dimensional
means , and the covariance matrices , for each component 1 There
are  data points , each bein represented by a -dimensional The
procedure is initiali ed by randomly choosin the mean vectors  and initiali in the other
parameters appropriately  t iteration , let

1 1 1
be the probability that data point ~ belon s to component density , iven the parameters
, , for multivariate aussian density functions as de ned in 2
t the ne t iteration 1 , the parameter estimates are
1
— 2

These update e uations have the simple interpretation of bein standard ma imum-li elihood
estimates for membership, mean, and covariance parameters respectively, modi ed to
the data points by their membership probabilities ie, to use, in a sense, fractional data
points

basic property of the procedure is that the li elihood is a nondecreasin function
of ,ie,the procedure is uaranteed to conver e toa ed point, provided the se uence of
estimated parameters ran es over a compact ie, closed and bounded -dimensional
set This ed point in parameter space need not be a lobal ma imum and is a function
of the initial uess Thus, in practice, several di erent initial uesses can be tried and
the ma imum li elihood amon these selected For the results reported here, 10 di erent,
randomly selected initial parameter sets ere chosen for each run of the procedure The
di erent initial parameter sets ere found by runnin the -means al orithm e , uda
and art 19 ,usin di erent random startin points for the means This initiali ation
procedure is common practice in the application of to mi ture model clusterin

ote that the ed point obtained by the procedure may be a sin ular solution
for hich one of the mi ture components is centered on a particular data point and the
determinant of the associated covariance matri approaches ero This type of sin ularity
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results in a li elihood hich approaches positive in nity Such solutions are typically not
of interest and in practice are discarded Sin ularities of this type occur at the boundaries
of the relevant compact set in parameter space and can be avoided by restrictin the search
for model parameters to a compact set that lies ithin the full set and has a boundary
that is bounded a ay from the sin ularities For data sets here is lar e relative to
sin ular solutions are rarely a problem in practice Indeed, in the results reported in this
paper no such sin ular solutions ere ever enerated

From a statistical vie point, the most consistent approach for ndin is the full
ayesian solution here the posterior probability of each value of is calculated iven the
data, priors on the mi ture parameters, and priors on itself The posterior distribution for
contains, in principle, the necessary information for decidin ho many clusters are usti-
ed by the data If the posterior is pea ed about a particular then the data provide stron
evidence for that value of n the other hand, if the posterior is spread out amon
di erent wvalues hi h entropy , the data cannot discriminate hich is mostli ely  po-
tential di culty ith this approach is the computational comple ity of inte ratin over the
parameter space to calculate the posterior distribution on arious analytic appro ima-
tions Chic erin and ec erman, 199 or onte-Carlo samplin appro imations Robert
199 have been used to et tractable estimates for this posterior distribution
di erent approach to this problem is to obtain a data-driven estimate of the posterior
distribution on usin cross-validated li elihood Smyth 199  Cross-validated li elihood
is asymptotically consistent in the sense that it ill al ays choose the correct model in the
limit of increasin data set si es In practice, it has been sho nto or ell empirically on a
variety of simulated and real data sets, performin as ell as various ayesian appro imation
methods Smyth 199 It has certain distinct advanta es over the ayesian appro imation
approach It is conceptually simpler to interpret and easier to implement In addition it
does not rely on appro imations hose impact in the ayesian case on the uality of the
posterior probability estimates can be di cult to determine
et be the true F for et be a random sample from
Consider a set of nite mi ture models ith components bein ttedto , here ran es
from 1 to Thus, e have an inde ed set of estimated models, 1
, here each has been tted to data set
et be the parameters for the th mi ture model obtained by ma imi in the
li elihood as described in Section 2b usin the data s increases, the lo -li elihood
as de ned in , is a nondecreasin function of , since the increased
e ibility of more mi ture components allo s a better t to the data increased li elihood
Thus, cannot provide any clues as to the mi ture structure in the data,
if such a structure does e ist
Ima ine instead that one had a lar e test data set hich is not used in ttin
any of the models et be the lo -li elihood as de ned in , here
the parameters are estimated from  as above, but the li elihood is evaluated relative
to e can vie this li elihood as a function of the parameter , eepin all
other parameters and ed Intuitively, this out-of-sample li elihood should be a
more honest estimator than the trainin -datali elihood for comparin mi ture models ith

19



di erent numbers of components
It is strai htfor ard to sho that

1
— lo ——— const 1
ie, the e pected value of scaled appropriately , ith respect to di erent test-
data sets dra n randomly from the true distribution ,is the cross-entropy bet een bet een
and , plus an arbitrary constant Thus, the out-of-sample lo -li elihood
is an unbiased estimator of this cross-entropy The cross-entropy in turn func-
tions as a distance measure of ho far the model is from the true Cross-
entropy is strictly positive unless above Thus, choosin the hich

minimi es the out-of-sample li elihood is e uivalent on avera e to choosin the model
ithin the model family under consideration  hich is closest in a cross-entropy sense to

o ever, in practice, one cannot a ord or does not have available a lar e independent
test set such as standard techni ue in such situations is to estimate the out-
of-sample performance usin cross-validation The al orithmic procedures for repeatedly
partitionin the data in random fashion and calculatin the lo -li elihood
are described in Section d

Since the lo -li elihood estimate for each cross-validation partition of the data is based
on data hich is independent from that used to t the model, each such estimate is an
unbiased estimator of the cross-entropy bet een the model and the true density  In turn,
since e pectation is a linear operator, the avera e of these estimates namely the cross-
validated li elihood estimates is in turn unbiased Thus, ndin the ma imum over of

ill on avera e select the model hich is closest in cross-entropy distance to the true
density

I C

C  performed their hierarchical clusterin by subsamplin the days choosin every
th day and also by usin anomalies In contrast, in the e periments described in
the main te t e used anomalies and all of the days To test the sensitivity of the
results to these modest chan es in the data, e tted the -component aussian mi ture
model in the 2- F space to di erent permutations of the ori inal data described
above i un ltered anomalies for every th day ii ltered anomalies for all days and iii
Itered anomalies for every th day The Fs onto hich these additional data sets
ere pro ected ere not chan ed from the basic e periments in Section c¢,ie, they ere
determined usin all 9 0 ltered daily maps
For each type of data e obtained the hei ht-anomaly maps correspondin to the mean
of each aussian component density The correlation coe cient bet een these maps and the
correspondin map obtained usin un ltered anomalies for all days asin Fi 8 as then
calculated The results are sho n in Table and clearly indicate that the maps obtained
usin any of these methods are all virtually identical
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1 Cross-validated lo -li elihood and posterior probabilities , as
a function of the number of aussian clusters, hen applyin cross-validation to the
mi ture modelin al orithm ith 0 20 for the 00 synthetic data points

sho nin Fi 1

2 Cross-validated lo -li elihood and estimated posterior probabilities, as a
function of , hen applyin the mi ture model to 20 random partitions of the inters

of 00-mb eopotential hei ht anomalies unscaled

ut-of-sample lo -li elihoods for each of 20 random partitions of
unscaled inter anomalies, normali ed so that the lo -li elihood for is ero on each
run The most li ely value of lo -li elihood and hence of is displayed in bold font for

each partition

Cross-validated lo -li elihood values as a function of and the estimated
posterior probability of from 10 di erent e periments, each usin 20 randomly

chosen partitions of the inters

attern correlation coe cients bet een maps tted usin the data pro ected
onto Fs, 12, and maps tted usin 2 Fs The maps correspond to
centers of a mi ture model based on aussians, tted by the procedure see section

b as applied to all of the data in the -dimensional F subspace

attern correlation coe cients bet een maps tted on un ltered anomalies
for all 9 0 days and a Itered anomalies, b un Itered anomalies usin only every th
day, and ¢ Itered anomalies usin only every th day Il maps ere tted to the data

pro ected into the rst 2 Fs



1 Cross-validated lo -li elihood and posterior probabilities as a

b
function of the number of aussian clusters, hen applyin cross-validation to the mi ture
modelin al orithm ith 0

20 for the 00 synthetic data points sho nin Fi
1

Cross-validated lo -li elihood -128 91-12 88 -12 9 -12 10 | -12 1201
stimated posterior probability || 0 000 0 000 0 809 01 001 0 001

2  Cross-validated lo -li elihood

and estimated posterior probabilities, as a
function of

, hen applyin the mi ture model to 20 random partitions of the

inters
of 00-mb eopotential hei ht anomalies unscaled
| L 1[ 2] | | |
Cross-validated lo -li elihood -291 -201 -2091 -291 8 | -291 -2091
stimated posterior probability 00 00 10 00 00 00




ut-of-sample lo -li elihoods for each of
inter anomalies, normali ed so that the lo -li elihood for

most li ely value oflo -li elihood and hence of

20 random partitions of
is ero on each run The

‘ artition H 1 ‘ 2 ‘ ‘ ‘ ‘

1 - 191 | -121 9 -2 81-29 1 |- 0189

2 - 8 =22 2 - 08 |-2 8 |-212
- -2 0 - 88 -09 0 |-11 88
-21 119 0000 | - 09 |[-089]-20 9

-9 2 0000 |-11 9 |-20 -2 2

-1 88 -1 -1 09 |-1 12(-189
-2 0000 |-180 8| -19 - 1

8 -89 29 -2 901|-009 - 182

9 -1 91 -21 -1 0 -18 28 | - 12

10 - 180 | -1 88 -1111(-1 0 |-2080

11 - 21 -2 9 - 08 - 12| -8

12 - 22 | -1 198 -2 .90 |-200 -20 02

1 - 9 - 821 -9 01 -1 9 | -11

1 - 9 - 202 -10 19 - 9 -1°9

1 -2 2 0 000 1 - 8 | -8 2

1 - -1 8 - 1 -1191 |-2 8

1 29 -12 028 -1 92| -1922 ] - 9

18 - 9 211 8 -8 -809 | -12

19 -2 2 0000 | -082 -2 -8 2

20 -98 2 | -2 0 - 88 |-10 8 |-2 12

unscaled

is displayed in bold font for each partition



Cross-validated lo -li elihood values as a function of and the estimated posterior

probability of from 10 di erent e periments, each usin 20 randomly chosen
partitions of the inters
periment H 1 ‘ 2 ‘ ‘ ‘ ‘ ‘
1 -281]|-281 -2 81 |-28 |-28 1 000
2 -288|-28 -2 8 -2 8 -2 8 1 000
-2 819 |-2 99 -2 99 | -2 802 | -2 81 1 000
-2 8 -2 82 -2 821 |-2 829 |-2 8 1 000
-2 82 | -2 808 -2 810 | -2 81 | -2 82 0999
-2 8 -2 8 -2 8 -2 8 280 0999
-2 811 | -2 92 -2 921-2 9 |-280 1 000
8 -2 818 | -2 80 -2 801 | -2 80 | -2 811 1000
9 -2 8 -2 82 -2 81 | -2 81 |-2 822 1000
10 -2 8 -2 8 -281]|-28 -2 8 1 000




attern correlation coe cients bet een maps tted usin the data pro ected onto

Fs, 12, and maps tted usin 2 Fs The maps correspond to centers

of a mi ture model based on aussians, tted by the procedure see section b as
applied to all of the data in the -dimensional F subspace

09810910998
09 09010999
09 09 09
09 09 09
09 09109
81109109 09 8
91109809 091
101109 0917099
1111092 |09 09
12 109 09 09

attern correlation coe cients bet een maps tted on un ltered anomalies for all

9 0daysand a Itered anomalies, b un ltered anomalies usin only every th day, and

¢ ltered anomalies usin only every th day 1l maps ere tted to the data pro ected
into the rst 2 Fs

‘ Type of ata H ‘ ‘ ‘
Un ltered anomalies, every th day || 09810 | 099 9 | 0 9990
Filtered anomalies, all days 099 8109 099
Filtered anomalies, every th day 09922 109 2 | 099

28



setup for Fi ure Captions

1 Scatter plot of 00 data points enerated from a mi ture of e ually ei hted

aussian densities, havin distinct means and covariances

2  The means of component aussians sho n as stars and the associated
covariance matrices, indicated by the correspondin ellipses see te t for details , superim-

posed on the scatter plot of Fi 1

Contour plot of the probability density function F  correspondin to the

mi ture model displayed in Fi 2

The means and covariance ellipses of component aussians super-
imposed on the scatter plot in Fi 1  arameters ere estimated usin the e pectation-

ma imi ation procedure see te t for details

Scatter plot of hei ht anomalies for inters  ecember 19 9— arch 199 |
pro ected onto the 2 leadin Fs the data have been normali ed by dividin by the

standard deviation of F1

The estimated means, indicated by , and covariance ellipses superimposed
on the scatter plot of i |, here only every 10th data point has been plotted for clarity
The identities of the clusters — , , and — are indicated beside the respective ellipses
The parameters ere estimated by the same procedure as for the synthetic data, usin
a mi ture model based on aussian components The estimated parameters for the
clusters are 0o 0 9010, tan 0 20, 0 8, 0

01, 0 2 1 ,tan 0o 0 82, 02 and
0 8, 0 0 , tan 0 1, 0o 0 ere is the

ei ht assi ned to the cluster in the mi ture model, is the mean for the cluster, is the

29



rotation an le anti-cloc ise from the -a is of the rst ei envector for the covariance
matri of each cluster, and the s correspond to the t o ei envalues of the covariance

matri

Contour plot of the I estimate provided by the mi ture model of Fi the
asteris s and associated labels for the clusters , , and indicate the correspondin

centroids

8 ei ht anomaly maps for the cluster centroids of the present mi ture model

left panels a, c and e labeled S 1 and of C s hierarchical cluster model, as applied by
allace 199 to asli htly lon er data set ri ht panels b, d and f labeled C airs of
maps a, b correspond to C scluster , ¢;d to ,and e, f to see te t for details
panels b, d and f reproduced by permission Contour interval is 1 m for panels on the left

S I and 0 m for panels on the ri ht C

9 Same as Fi for the aci csector hei ht anomalies pro ected onto the 2 leadin
aci csector  Fs The identities of the t o clusters, and , are indicated beside
the respective means, plotted as The estimated parameters for the 2 clusters are
0 0 02 , tan 00, 0 90, 01
0o , 0 028 , tan 0 1, 0 0, 028 ere

, and are de ned as in Fi

10 ei ht anomaly maps for the clusters found by the mi ture model from the
Cand T sectorial analysis Contour interval is 1 m The maps in panels a and b
resemble the and R patterns respectively, hile panels ¢ and d resemble the

and patterns respectively see te t for details

11 Same as Fi for the tlantic sector hei ht anomalies pro ected onto the 2
leadin  tlantic sector Fs The identities of the t o clusters, and , are

indicated beside the respective means, plotted as The estimated parameters for



the 2 clusters are
0 99, 0
0 99, 0

1
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dimension 2
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1 Scatter plot of 00 data points enerated from a mi ture of e ually ei hted
aussian densities, havin distinct means and covariances
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dimension 1

2 The means of component aussians sho n asstars and the associated covari-
ance matrices, indicated by the correspondin ellipses see te t for details , superimposed
on the scatter plot of Fi 1
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Contour plot of the probability density function F correspondin to the
mi ture model displayed in Fi 2
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The means and covariance ellipses of component aussians superimposed

on the scatter plotin Fi 1 arameters ereestimated usin thee pectation-ma imi ation
procedure see te t for details
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Za -3 -2 -1 0 1 2 3 4
EOF 1
Scatter plot of hei ht anomalies for inters  ecember 19 9— arch 199

pro ected onto the 2 leadin Fs the data have been normali ed by dividin by the
standard deviation of F 1
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4 -3 -2 -1 0 1 2 3 4
EOF1
The estimated means, indicated by , and covariance ellipses superimposed
on the scatter plot of i |, here only every 10th data point has been plotted for clarity
The identities of the clusters — , ,and — are indicated beside the respective ellipses
The parameters ere estimated by the same procedure as for the synthetic data, usin
a mi ture model based on aussian components The estimated parameters for the
clusters are 0o 0 9010, tan 0 20, 0 8§, 0
01, 02 1 , tan 0o 0 82, 02 and
0 8, 0 0 , tan 0 1, 0 0 ere is the

ei ht assi ned to the cluster in the mi ture model, is the mean for the cluster, is the
rotation an le anti-cloc ise from the -a is of the rst ei envector for the covariance
matri of each cluster, and the s correspond to the t o ei envalues of the covariance
matri
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Contour plot of the I estimate provided by the mi ture model of Fi the
asteris s and associated labels for the clusters , ,and indicate the correspondin
centroids



8 ei ht anomaly maps for the cluster centroids of the present mi ture model

left panels a, c and e labeled S 1 and of C s hierarchical cluster model, as applied by

allace 199 to asli htly lon er data set ri ht panels b, d and f labeled C airs of

maps a, b correspond to C scluster , ¢, d to ,and e, f to see te t for details

panels b, d and f reproduced by permission Contour interval is 1 m for panels on the left
S I and 0 m for panels on the ri ht C



25

2, -
15} 1
1, -
05 1
o
&
ok i
-0.5} 1
_17 -
-5} .
-2 | | | | |
%3 -2 -1 0 1 2 3
EOF1
9 Same as Fi for the aci c sector hei ht anomalies pro ected onto the 2 leadin
aci csector  Fs The identities of the t o clusters, and , are indicated beside
the respective means, plotted as The estimated parameters for the 2 clusters are
0 0 02 , tan 00, 0 90, 01
0o , 0 028 , tan 0 1, 0 0, 028 ere

, and are de ned as in Fi



10 ei ht anomaly maps for the clusters found by the mi ture model from the C

and T sectorial analysis Contour interval is 1 m The maps in panels a and b

resemble the and R patterns respectively, hile panels ¢ and d resemble the
and patterns respectively see te t for details
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11 Same as Fi for the tlantic sector hei ht anomalies pro ected onto the 2
leadin  tlantic sector Fs The identities of the t o clusters, and , are
indicated beside the respective means, plotted as The estimated parameters for
the 2 clusters are 08, 00 02 ,tan 01,
0 99, 01 01, 021 1 ,tan 02,
099, 01



